Criterion for existence of n-periodic orbits of one Mobius function
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Let n > 2 be an integer.

Find all real numbers a such that there exist real numbers

X1y ey Ty, satisfying x1(1 — x0) = z2(1 — x3) = ... = 2p1(1 —x,) =
zn(1—21) = a.

Solution by Arkady Alt , San Jose, California, USA.

Let A be set all real numbers a such that system of equations

) { rr(l—zpp1) =a,k=1,2,..,n—1

Zp(l—x1) =a

is solvable with respect to x1,....,z, € R.
Noting that for @ = 0 the system (1) has obvious solution x; = zp =
. = x, = 0 we assume further that a # 0.This immediately implies that

z; #0,i=1,2,...,n and we can rewrite the system as follows:
ka:h(xk)Jf:l,Z..,n—l L 7271'*04
(2) 1 = h () , where h(z) :=1 =
Let hy(z) := h(z),hpt1(x) = h(hy(z)),n € N and H, be matrix of
coefficients for

n bn n n
Mobius function h,, (x) ,that is h, () = n +0n and H, = (¢ b ,n €
Cn + dn Cn dn
N.
Also let hg(z) := x. Then Hy = ((1) (1)>, H = H = (1 Oa) and
H,.1=H H, <
An41 b71,+1 _ 1 —a . an, bn _
Cn+1 dn+1 B 1 0 Cn dn N

Gpt1 = Gp — GCy

(an —ac, b, — adn> — bpt1 = by —ad,

(079 bn Cn4+1 = Ap
d7L+1 = b,
Ap+1 = QGp — AGp—1

bnt1 = bn — abn ,ne€Nanday=1,a; =1,by =0,b; = —a.

Cnt1 = Qp
dn+1 - bn
Since (a,) and (by,) satisfies to the same recurrence and by = —a then b,, =
—aa,—1,n € N.
Thus, H, — ( n _““”1) ,n>2and hy (z) = 22 31 s o)
ap—1 —A0p-—2 Up—1T — A4p—2

Coming back to the system (2) we can see that x, = hg (21) ,k=1,2,..,n—
1 and z1 = hy, (21),
that is x; is solution of equation h,, (z) = x.Thus 4,, = {a | h,, (x) = z,z € R}.

. Anx — alp—1
Since h, (z) =2 &= ————""" =73 <= AT — AAp_1 = Qp_1T> —

Up—1T — A0p—2
Q2T <=
3)  an_12% —x(a, +aan_2) +aa,_ 1 =0,
where a,, is polynomial of a defined recursively by
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Gpt1 = Gp — Qap—1,MEN  ag=1,a; =1
and quadratic equation (3) is solvable in real z iff its discriminant
Dy = (an + aan_2)* —4aa2_, =a2a2_, + 2aanan_o — 4aa®_| + a2 =
a2a2_y—4aa2 | 4+2aay_3 (an_1 — aGp_3)+(an_1 — atn_s)° = a2_, (1 — 4a) =
a?_ | (1—4a) is
non negative then
Ap={alaZ_;(1—4a) >0} = (—o0,1/4U{a | an—1 =0} ,n >
2.
For example, as =1 —a,a3=1—2a,, a4 =a*> —3a+1,a5 =a®> —3a+1—
a(l—2a)=
3a? —4a+1and Ay = (—o00,1/4], Az = (—o00,1/4]U{1}, Ay = (o0, 1/4]U

{1/2},
As = (—o0,1/4] U {3 _2*/5, 3+2\/5}.

1
Note that for any a < 1 system (1) solvable in R. Indeed, since

6{1—\/1—411 14+ +v1—4a
2 ’ 2

hiiz)=2z <= 22 —2+a=0 < =

then (x1,x2,.....,x,) = (z,z,2,...,2) for any such z is solution of (1) be-
cause for 1 = z we have
hi (1) = hg () =2,k =1,2,...,n.
Therefore, to complete the solution of the problem remains find all solution
of equation
ap—1(a) =0 inreal a > 1/4 for any n > 2.
Since a > 1/4 +— ENG < 1 then denoting o := arccosQ—\l/& and b, =

we obtain

Qn

(Va)" .
Aptq a Ap—1

an+1:an—aan_1<:>n7+——- e =0 <

Va)' Ve (Va)' o (a)'T

(4) bpy1—2cosa-b,+b,_1=0,neN.

Since b, = cjcosna + cosinna and by = 1,b; = % = 2cos a we obtain
c1 =1,c5 =cota ¢
and, therefore, b,, = cosna + cot asinna = W n € N.
Thus, for any n > 2 we have a,, = a2 sin. (nt1)a and a, = 0 <=
sin(n+1)a=0 e
sin «v si 0 —s

4= ——
4 cos? o
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1
o =
4 cos? 1 ,
n+1 S A n 4+
k=120 0 ° o 1,2,...,{ : J
1 4 cos i}
:@ .
(since cos? 27 = . o )T k=12,.n).

Thus, for any n > 2 equation h,, (x) = x solvable in R Iff

1 n
a€Ay=(~00,1/4] U§——— k=12, bJ

4 cos? —
n
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